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CALCULATION OF INITIAL STAGE OF HEATING A PLANAR BODY WITH
VARIABLE PROPERTIES

Yu., V. Vidin - UDC 536.244

A method is presented for calculation of upper and lower limits of the tempera-
ture field of a planar body with temperature-dependent thermophysical properties.

In the initial stage of heating, a planar body can be considered as semiinfinite. The
differential transfer equation with consideration of temperature dependence of the thermal
conductivity and specific heat can then be written in the form

d de de
i |1@ | k@ <o | @

where n = /leaOT/Z is the Boltzmann variable, and f, (0) and £;(@) are positive functions
which do not go to zero over the range of @ from O to 1. We supplement Eq. (1) by the
boundary conditions

=0 for 1 =0, (2)

O=1 for 7— oo, 3)
In the general case Eq. (1) is nonlinear, so achievement of an analytical solution 1s dif-
ficult.

To study the problem presented by Eqs. (1)~(3), we will use the approach proposed in
[1, 2], which considered nonstationary thermal conductivity of bodies with nonlinear boundary
conditions. Following [l, 2], we will find upper and lower limits for the unknown tempera-
ture field ©., This method is applicable in engineering practice when the '"gap" between the
limiting functions is relatively small and the equations involved are relatively simple.

We will now demonstrate the application of this principle to Egs. (1)-(3).
Introducing the Kirchhoff substitution

) 1
U= (H(©de/ [}®)ade, @)
0 ¢
we transform Eqs. (1)-(3) to the form
d2U f(0) dU
— 4 2= —— =0,
ae V@) (5)
U=0 for n=0, (6)
U= for M- o0. (7)
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Without limiting the generality of the method, we will consider a special case of Egs. (5)-
(7), viz.: £,(0) = 1 + B0 and £,(0) = 1, which demonstrates the peculiarities of the solu-
tion more clearly. :

If the parameter B > O, then the lower limit for the temperature field can be estab-
lished by integration of the linear equation

d*Unn 27 dUpyin

=0. ‘
it T 1+p  dn ®)
Solving Eq. (8) with conditions (6), (7), we have [3]
Upyp = erf A ,
‘ VIt ®

where Upin = ©Omin +(B/2)@;in)/(l + B/2).

The function Opin = Opin(n) found in this manner serves as the basis for calculation
of an upper temperature limit. Now we must integrate the equation

2n AdUpax

dn? 14+ POy dn
However, in view of the mathematical complexity of the expression 2n/[1 + BOpin(n)], it is
difficult to obtain a convenient engineering solution directly from Eq. (10). Therefore, in
place of Eq. (10) we introduce the expression

= 0. (10)

d Umax + ( + 21] ) dUmaX — 0, (11)
dn? 1+§ dn)
where a is a constant subject to determination. We note especially that the condition
( L 2n ) 21
a- = 12)
U 148 /7 1+ BOmu(n)

must be satisfied over the entire range of n (from O tooo). The coefficient a can be deter-
mined most simply by a graphical method, using the construction shown in Fig. 1.

Integrating Eq. (11) together with Egqs. (6), (7), we obtain

er‘f'(V1 - = Vl—}-ﬁ}—erf(;/m)

Vo = 1 —erf (-2~ V1+p [3)

(13)

and then use the relationship Upax = (Opay +(8/2)0 .. )/(1+B/2) to calculate the upper limit
Opax = Omax(n). The true function 6 = O(n) is located between Omin and Opax, i.e., Opin(M<
0(n) < Opax(n), where the sign = refers ton = 0 and n ~ ». For B = 0 the upper and lower

curves coincide and transform to an exact analytical solution of the problem.

Because the '"gap" between Gpin and Opax for any value of B (from 0 to «) proves to be
narrow, subsequent refinement of Gpip and Bpax is unnecessary.

Figure 2 shows a calculation of the lower and upper limits using Egqs. (9) and (13) for
the case B = 3. Also shown is the actual temperature [4]. It is evident from the figure that
the difference between Opjp and Opax is small, and that the two functions are located almost
symmetrically with respect to © = 8(n).

If B < 0, then Eq. (9) gives the maximum value Upyy, i.e., then

1
U = erf ————. (14)
o VI+B
To find the lower limit we must integrate the equation
d2U nin 2 AUpnin 0 (15)

dn? I+ POmn  dn
where by eéin we understand the solution of the equation

Umm = Iiemm + _ﬁ_(@mm) :l/(l -+ %) = erf n. (16>
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Fig. 1. Graphical method of determining coefficlent a (8 = 3):
1) 2n/(1 + 8); 2) function 2n/[1 + BOpin(n)]; 3) tangent to
curve 2, parallel to curve 1.

Fig., 2. Lower (1) and upper (3) limits for temperature field
© (2) for B = 3.

In analogy with Eq. (10), instead of Eq. (15) we have

2
d Umln + <a __[_ 21] ) dUmln —_ O- (17)
dn? 1+p dn
The inequality sign of Eq., (12) then changes its direction:
/ 2 ) 2
a-- < 7 .
( TP ) ST+ B (28

In conclusion, we note that with no changes in principle this approach can be applied to
the more general case described by Eq. (5).
LITERATURE CITED

1. Yu. V. Vidin, "Nonstationary temperature field in a solid with nonlinear boundary condi-
tions," Inzh.~Fiz. Zh., 19, No. 2, 355-356 (1970).

2.  Yu. V. Vidin, "Temperature regime of a massive multilayer lamina, simultaneously heated
by convection and radiation," Izv. Akad. Nauk SSSR, Energ. Transport, No. 1, 181-184
(1970).

3. A. V. Lykov, Theory of Thermal Conductivity [in Russian], Vysshaya Shkola, Moscow (1967).
4, S. Sh. Tsoi and Ya. E. Sanderlend, "Thermal conductivity problems with phase transitions
and temperature dependence of the thermal conductivity coefficient," Teploperedacha,

No. 2, 110-114 (1974).

1031



